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Thermodynamics of four-dimensional black objects in the warped compactification

Hideaki Kudoh*
Department of Physics, The University of Tokyo, Bunkyo-ku, 113-0033, Japan

Yasunari Kurita†

Department of Physics, Osaka City University, Osaka 558-8585, Japan
(Received 30 June 2004; published 15 October 2004)
*Electronic
†Electronic

1550-7998=20
We reinvestigate the thermodynamics of black objects (holes and strings) in four-dimensional
braneworld models that are originally constructed by Emparan, Horowitz and Myers based on the
anti- de Sitter (AdS) C-metric. After proving the uniqueness of slicing the AdS C-metric, we derive
thermodynamic quantities of the black objects by means of the Euclidean formulation and find that we
have no necessity of requiring any regularization to calculate their classical action. We show that there
exist the Bekenstein-Hawking law and the thermodynamic first law. The thermodynamic mass of the
localized black hole on a flat brane is negative, and it differs from the one previously derived. We discuss
the thermodynamic stabilities and show that the Banãdos-Teitelboim-Zanelli (BTZ) black string is
more stable than the localized black holes in a canonical ensemble, except for an extreme case. We also
find a braneworld analogue of the Hawking-Page transition between the BTZ black string and thermal
AdS branes. The localized black holes on a de Sitter brane is discussed by considering Nariai instanton,
comparing the study of ‘‘black cigar’’ in the five-dimensional braneworld model.
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I. INTRODUCTION

In recent years, much progress has been made in
investigations of black holes in higher dimensions, stimu-
lated by proposals of various higher-dimensional cosmo-
logical models. For the asymptotically flat vacuum case, a
well-known higher-dimensional black hole solution is the
Myers-Perry solution that is a higher-dimensional ana-
logue of the Kerr solution in four dimensions [1]. On one
hand, the uniqueness of asymptotically flat and static
(regular) black holes has been proved for the vacuum
system in higher dimensions [2]. The black ring solution
found by Emparan and Reall is another sequence of
rotating black holes [3]. The horizon of the black ring
has a different spatial section from that of the Myers-
Perry solution, and the uniqueness theorem is violated for
rotating black holes in higher dimensions. (see Refs. [4,5]
for recent studies of perturbative uniqueness of rotating
black holes.)

If we take into account branes according to, e.g., the
Randall-Sundrum (RS) braneworlds [6,7], little is known
for black holes bound to 3-brane in five dimensions,
which are expected to play a fundamental role to under-
stand strong-gravity regime in the braneworlds. The exact
solutions that represent such black holes are known only
in the four-dimensional case: Emparan, Horowitz and
Myers (EHM) constructed the static axisymmetric solu-
tions by appropriately slicing the four-dimensional AdS4
C-metric [8,9]. Rotating localized black holes analogous
to the Kerr black holes was also constructed by applying
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the AdS4 D-metric [9]. Although there is an attempt to
extend the argument to higher-dimensional cases [10],
exact solutions of localized black holes have not been
known so far in the original five-dimensional model.
However, recent numerical works have succeeded in con-
structing such localized black holes, clarifying the physi-
cal properties of them [11]. (see also [12,13].) There is an
attempt constructing an analytic solution perturbatively,
starting from higher-dimensional Schwarzschild black
holes [14]. However the black holes are very small, and
the detailed properties of the constructed black hole are
still unknown.

In this paper, we discuss the black objects (holes and
strings) in four-dimensional braneworlds. Although some
parts of them have been investigated by Emparan et al.
based on their solutions, they assumed the Bekenstein-
Hawking law and the first law of thermodynamics in order
to define the thermodynamic mass of localized black
holes. The thermodynamics of the system in which branes
and black objects coexist have not yet been well under-
stood. We improve the points by adopting the traditional
Euclidean formulation for thermodynamics of black
holes, and we derive thermodynamic quantities from the
classical action. As is well-known, an evaluation of a
classical action often encounters infrared divergence
and one needs to regularize it by some method. In par-
ticular, one may encounter a new kind of divergence
which is related to brane boundaries. In the present case
of four-dimensional braneworlds, however, all terms that
give divergences cancel out each other, and we can
straightforwardly evaluate the classical action without
introducing any regularization. We also discuss the ther-
modynamic stability of the black objects in a canonical
29-1  2004 The American Physical Society
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ensemble which are thought to be in equilibrium with
thermal radiation in the bulk. We show that black strings
extending between two AdS branes are stable except for
some extreme case in which a localized black hole is more
preferable and a black string may decay into it. We also
find the braneworld analogue of the three-dimensional
Hawking-Page transition: the transition between the
Banãdos-Teitelboim-Zanelli (BTZ) black string and the
thermal AdS branes which are the system of the two AdS
branes in thermal equilibrium with bulk radiation.
The localized black holes on a de Sitter brane are dis-
cussed by considering Nariai instanton, comparing the
study of ‘‘black cigar’’ in the five-dimensional brane-
world model [15].

The paper is organized as follows. In the next section,
we give a brief review of the EHM solutions in the four-
dimensional braneworld models. After we prove the
uniqueness of slicing AdS4 C-metric in Sec. III, we dis-
cuss the thermodynamics of black objects and thermal
branes based on the Euclidean formulation in Sec. IV. We
will find that the thermodynamic mass of the thermal
AdS branes equals that of thermal AdS3 in pure 2� 1
gravity. In Sec. V, we consider the thermodynamic stabil-
ities of black objects in a canonical ensemble, and we also
discuss the Nariai instanton which is obtained from the
black hole localized on the dS brane. We conclude with
some general remarks in Sec. VI.

II. ACTION AND EHM SOLUTIONS

The general action for D-dimensional vacuum solu-
tions in the warped compactification [6] is given by

IRS � IEH � IGH � Ibrane;

IEH � �
1

2�D

Z
M
dxD

�������
�g

p
�R� 2��;

IGH � �
1

�D

Z
@M

dxD�1
�������
�h

p
K;

Ibrane �
X

k�1;2;���

�k
Z
@M

dxD�1
�������
�h

p
;

(1)

where �D: � ��D� 1��D� 2�=2‘2D is the bulk cosmo-
logical constant. �D � 8�GD is the D-dimensional gravi-
tational constant. The first term in IRS is the usual
Einstein-Hilbert action with a negative cosmological
constant. The second term is the Gibbons-Hawking
boundary term, which is necessary for a well-defined
variation problem.K is the trace of the extrinsic curvature
of the boundary; K�� � h��h��r�n�, where h�� is defined
as h�� � ��� � n�n�, and n� denotes an ‘‘outward’’ unit
normal to the boundary.1 The Ibrane is the action of branes
1In the braneworld context, ‘‘inward’’ unit normal vector is
commonly used to derive Israel’s junction condition at the
brane. In this paper, we adopt the standard outward unit
notation (see, e.g., Ref. [16,17]).
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with tensions�k. As for the RS construction, the tensions
are given by �	: � 	2�D� 2�=�D‘D for the branes with
	-tension.
Z2-symmetry is imposed at each brane in the warped

compactification. Boundary conditions at those surfaces
are given by Israel’s junction condition. The surface terms
in the action (1) gives the junction condition


K�� � Kh��� � �DT��; (2)

where T�� � ��h��, and 
F�z�� denotes the difference of
F on the boundary at z: 
F� � lim�!0Fjz�� � Fjz��. Thus
the boundary condition that any vacuum solutions must
satisfy is

K��j�� �
��D

2�D� 2�
h�� � 0; (3)

where we have used Z2-symmetry. From this result we
notice that the Gibbons-Hawking term evaluated on the
brane is related to the brane action by

Ibrane � �
D� 2

D� 1
IGHjbrane: (4)

As was shown in [9], one can construct a black hole
bound to a brane in the four-dimensional RS model from
AdS C-metric. The general AdS4 C-metric is

ds2 �
1

A2�x� y�2

�
�F�y�dt2 �

1

F�y�
dy2 �

1

G�x�
dx2

�G�x�d!2

�
; (5)

where

G�x� � 1� kx2 � 2mAx3;

F�y� � #� ky2 � 2mAy3:

The parameters m, A, and k � 0;	1 are related to the
mass, acceleration, and topology of the black hole, re-
spectively. The metric satisfies

R�� � �
3

‘24
g��; ‘4 �

1

A
�������������
#� 1

p ; (6)

and then # is thought to be related to the bulk cosmologi-
cal constant. Note that from Eq. (6), we require # � �1.
Scalar curvatures are given by

R���#R���# � 24A4
2A2m2�x� y�6 � �1� #�2�;

C���#C���# � 48A6m2�x� y�2:
(7)

Hence a curvature singularity does not appear as long as
the parameters and the coordinate values are finite.

A. Black holes in a two-brane system (EHM II)

In this subsection we review axially symmetric static
black holes bound to an asymptotically AdS3 brane in the
system of two branes.We call such black holes the EHM II
-2



TABLE I. Classification of black objects.

m # k

m � 0 # > 0 k � �1 BTZ BS and AdS branes
# > 0�<0� k � �1 AdS (dS) branes
# � 0 k � �1 a flat brane

m> 0 # > 0 k � 0;	1 BH and two AdS branes (EHM II)
�1< #< 0 k � �1 BH on a dS brane
# � 0 k � �1 BH on a flat brane (EHM I)
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solutions, whereas the black hole bound to an asymptoti-
cally flat brane in the system of a single brane is called the
EHM I solution. The reader who is familiar with these
black hole solutions can skip straight to the next section.

The branes can be placed at x � 0 and y � 0 surfaces in
the AdS C-metric (5), where the junction conditions (3)
are satisfied. The cosmological constants on the branes
are

�3 � �
#

L2 ; (8)

where L � L1: � 1=A at x � 0 and L � L2: �
����
#

p
=A at

y � 0. Here we assume that # is positive. The slicing
implies the following tensions of the branes,

�4�jx�0 � 4A
����������
G�0�

p
� 4A;

�4�jy�0 � 4A
����������
F�0�

p
� 4A

����
#

p
:

(9)

In the present case, we also find

G3 �
AG4

2
; (10)

‘23 �
1

A2#
; (11)

where G3 is the effective gravitational constant and ‘3 is
the AdS radius. Both of them are normalized on the brane
at x � 0. On the axis of rotation, G�x� vanishes and the
equation has one positive root x2 for m> 0. To avoid a
conical singularity on the axis x � x2, the period of !
must be

�! �
4�

jG0�x2�j
: (12)

In this construction of a localized black hole, x is re-
stricted to lie in the range 0 � x � x2. Because of the
overall factor �x� y��2 in (5), y is restricted to satisfy
�1 � y � x. The smallest zero of F�y�, y0, defines the
black hole event horizon. From Eq. (7) it turns out that a
curvature singularity is only at y � �1 which is en-
closed by the event horizon.

By taking � � �1=y, the geometry on the brane at
x � 0 is
084029
ds2 �
1

A2

�
�

�
#�2 � k�

2mA
�

�
dt2 �

�
#�2 � k

�
2mA
�

�
�1
d�2 � �2d!2

�
: (13)

This is similar to the nonrotational BTZ black hole,
except the extra terms of 2mA=� and the periodicity of
!. To compare the induced metric with the BTZ metric,
we introduce the following normalized coordinates so
that it has asymptotically AdS3 form with the proper
angular periodicity 2�,

t̂ �
2�
A�!

t; �̂ �
�!
2�A

�; !̂ �
2�
�!

!: (14)

Then the induced metric (13) becomes

ds2 � �

�
#A2�̂2 � k

�
�!
2�

�
2
�

2m
�̂

�
�!
2�

�
3
�
dt̂2

�

�
#A2�̂2 � k

�
�!
2�

�
2
�

2m
�̂

�
�!
2�

�
3
�
�1
d�̂2

��̂2d!̂2; (15)

and the periodicity of !̂ is 2�.
The AdS4 C-metric with the above slicing can repre-

sent other solutions by setting m � 0 and/or permitting
negative #. In the latter case, we cannot consider the
second brane due to Eq. (9). When m � 0, # > 0 and k �
�1, the metric shows a BTZ black string (BS) that
extends between two AdS branes. In the case of m �
0; k � �1, the induced metric (13) is not a black hole
solution, but a solution of three-dimensional Einstein’s
equations with a cosmological constant;

�3�G�
� � A2#g�� : �m � 0; k � �1�

Then for # > 0, the brane is AdS brane, whereas it is dS
brane for # < 0. These solutions serve as background
spacetimes containing black holes. A classification of
the black hole solutions is summarized in Table I.

B. Black hole localized on a flat brane (EHM I)

A black hole bound to a flat brane in the system of a
single brane was discussed in Ref. [8] as the simplest
slicing of AdS C-metric. The black hole can be formally
-3
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obtained by taking #! 0 in the construction of local-
ized black holes in the system of two branes. In the limit,
the brane at y � 0 formally vanishes because the tension
vanishes. The surface y � 0 then corresponds to AdS
(Cauchy) horizon in the one-brane system. The point y �
x is infinitely far away from points with y � x.

A black hole solution is possible for k � �1. The
induced metric on the flat brane at x � 0 is

ds2 � �

�
1�

2m
r

�
d~t2 �

�
1�

2m
r

�
�1
dr2 � r2d!2: (16)

where r � �=A and ~t � t=A. This is similar to the
Schwarzschild black holes, but is not a vacuum solution
in pure 2� 1 gravity. The periodicity of ! is given by
Eq. (12).
III. UNIQUENESS OF SLICING

In contrast to the situation of no black hole on a brane,
the condition of placing a brane becomes very restrictive
in the presence of a black hole [18,19]. Although we have
discussed possible constructions of localized black holes
in the previous section, one might think that other slicing
could be allowed to construct unknown black hole solu-
tions. A possible case is discussed in Ref. [9]: any surface
x � xb with G0�xb� � 0 and G�xb� � 0, or y � yb with
F0�yb� � 0 and F�yb� � 0, is allowed as a consistent
slicing of AdS C-metric. However it is shown that such
slicings are identical to the one of x � 0 and y � 0 dis-
cussed in the previous section, after shifting coordinates
and redefining parameters [9]. In this section, we prove
that there is no other possible slicing, except a physically
uninteresting case.

We consider a general situation in which the location of
a brane is given by y � y�x� in the spacetime (5) [18]. The
timelike tangent to the brane is

u �
A�x� y�����

F
p

@
@t
; (17)

and the spacelike tangents are

v �
1

C

�
y0
@
@y

�
@
@x

�
; e! �

A�x� y�����
G

p
@
@!

; (18)

where C � 1
A�x�y�

���������������������������
G�1 � y02=F

p
. Then the unit normal to

the brane can be written as

n �
sA�x� y������������������������
F� �y0�2G

p �
F
@
@y

� y0G
@
@x

�
; (19)

where s � 	1 is the sign of the normal vector.
Let us consider the following components of the ex-

trinsic curvature on the brane,
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Ktt � �
sF
2F� �x� y�F0 � 2y0G�

2A�x� y�2
�����������������������
F�G�y0�2

p ;

K!! �
sG
2F� �x� y�G0y0 � 2y0G�

2A�x� y�2
�����������������������
F�G�y0�2

p :

(20)

From these components and the boundary conditions (3),
we obtain an equation by eliminating a tension of the
brane,

s�x� y�
F0�y� �G0�x�y0� � 0: (21)

Solutions of this equation are y � 0, y � x and y�x� �
ckx=
k� 3�c� 1�Amx� (c � 0; 1). If the integration con-
stant is c � 1, then the third solution is identical to the
second one.

Now we examine if these solutions satisfy the junction
condition (3) with an appropriate tension. For the solution
y � 0, we find that a slicing is possible for � �

4sA
����
#

p
=�4. This is the slicing used in the EHM II solu-

tion. One can also show that the junction conditions are
satisfied for the solution y � x with a tension � �

4sA
�������������
1� #

p
=�4. However the brane on this surface is

infinitely far away from any points in the bulk (y � x),
and then this slicing is physically uninteresting. The
remaining possibility is the third solution. It is verified
that the third solution is not consistent with the junction
condition. To see the inconsistency, it is enough to study
the junction conditions around x � 0. Expanding the
junction conditions near x � 0, we find that the left-
hand side of (3) diverges at x � 0 and the equation cannot
be satisfied for any choice of tension. After all, except for
y � 0 and x � 0 slicing, there is no other physically
interesting slicing of AdS4 C-metric that allows localized
black holes.
IV. EUCLIDEAN ACTION AND
THERMODYNAMICS

We now turn to discuss the thermodynamics of the
black objects in the Euclidean formulation, which is a
traditional formulation to yield thermodynamic quanti-
ties of black holes from their classical actions [20]. In
computation of classical actions, one usually encounters
infrared divergences and then some suitable regulariza-
tion is required. As for the traditional method, we need to
subtract an appropriate background solution. On the
other hand, a so-called counterterm method has been
developed in the case of asymptotically AdS spacetime
[21–23]. At first sight, some regularization seems to be
required for the black objects that we are considering.
However, as we will see below, the infrared divergences
appearing from each term of the total action (1) cancel
out, and surprisingly, there is no need to subtract any
background or introduce any counterterms.
-4
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A. EHM II �� > 0; m > 0�

1. Euclidean action

In order to evaluate the classical action, we need to fix
the periodicity of the Euclidean time . � it which is
given by requiring the regularity at the event horizon or
the origin of the Euclidean section. Then we get the
period �. as
084029
�. �
4�

jF0�y0�j
: (22)
Taking into account the Z2-symmetry and the junction
condition, the action for the black objects discussed in
Sec. II A is reduced to
IEH �
6

�4‘2
Z �.

0
d.

Z �!

0
d!

Z x2

�x
dx

Z ��y

y0
dy

���
g

p
;

�
�.�!

�4‘2A4

�
�

1

�x2 � �y�2
�

1

�x2 � y0�2
�

1

��x � �y�2
�

1

��x � y0�2

�
;

Ibrane � IGHj�brane� �
�.�!

�4A2

�
F�y�

�x2 � y�2
�

F�y�

��x � y�2

�
y���y

�
�.�!

�4A2

�
G�x�

�x� y0�2
�

G�x�

�x� �y�2

�
x��x

; (23)
where we have used Eq. (4) and introduced temporal
cutoff parameters �x and �y. Then the total action is

IRS �
�.�!

�4A2

�
1� #

�x2 � y0�2
�
#

y20
�

1

x22

�
; (24)

where we have used (6) and have taken the limit �x; �y !
0. The period of the angular coordinate �! is given by
Eq. (12). As we notice, the total action is finite in the
limit. All divergences which come from IEH, Ibrane, and
IGH cancel out.

It is convenient to introduce an auxiliary variable as in
Ref. [9]

z �
jy0j
x2

; (25)

for which one has various identities such as

x2 �
1

z

��������������������������								 #� z3

k�1� z�

								
s

; jy0j �

��������������������������								 #� z3

k�1� z�

								
s

;

2mA � z�z2 � #�
������������
1� z

p
								 k

#� z3

								3=2
;

(26)

where k � 1. Substituting these into the total action, we
finally obtain

I � �
8�2

�4A2 z
�

1

3z2 � 2z3 � #
�

z

z3 � 2#� 3#z

�
: (27)

Here 0 � z < #1=3 for k � �1, and #1=3 < z � 1 for k �
�1. In the case of k � 0, we think that z � #1=3 because
x2 � 1=�2mA�1=3 and jy0j � �j#j=2mA�1=3 for # > 0.

2. Thermodynamic quantities

Let us consider the canonical ensemble of the black
objects, i.e., the situation in which the system is in equi-
librium with thermal radiation at the Hawking tempera-
ture of the black objects. The free energy is defined by
F �
I
0
; (28)

where 0 is related to the Hawking temperature T as T �
0�1. Then the thermodynamic mass M of the system and
the entropy are derived from the classical action through
the free energy,

M � @0I; S � 0M� I: (29)

The Hawking temperature is given by the inverse of the
period of the Euclidean time. We adopt Eq. (14) as the
normalization of the Killing time, thus

0 �
2�
A�!

�.: (30)

In terms of the auxiliary variable z, thermodynamic
quantities are expressed as

0 �
2�
Az

#� 3z2 � 2z3

2#� 3#z� z3
;

F � �
8�z2�#� 2z#� 2z3 � z4�

A�4�#� 3z2 � 2z3�2
;

M �
8�z2�1� z��#� z3�

A�4�#� 3z2 � 2z3�2
;

S �
16�2z

A2�4�#� 3z2 � 2z3�
:

(31)

One can verify that the entropy is identical to one quarter
of the horizon area A in the Planck unit,

S �
A

4G4
;

recovering the well-known Bekenstein-Hawking law. We
can easily confirm the first law of thermodynamics for
this system. It also leads to the fact that the thermody-
namic massM is identical to the (four-dimensional) mass
-5
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in Ref. [9] obtained by integrating the first law. From
Eq. (31), we notice that the thermodynamic mass of the
black hole for z < #1=3 �k � �1� is positive, whereas it is
negative for z > #1=3 �k � �1� (see Fig. 1). The minimum
mass of the EHM II black hole is

Mmin � �
2�
�4A

� �
1

8G3
; (32)

which corresponds to the limit: z! 1 ( or m! 0). In
this limit, the solution represents two AdS branes without
black objects.

A special case is k � 0 and # > 0. We can think that
this solution connects the solutions for k � 1 with those
for k � �1 [9]. Indeed, thermodynamic quantities of this
special solution tie those of them;

0 �
2�

A#2=3
; F � �

8�#1=3

3A�4�1� #1=3�
;

M � 0; S �
16�2

3�4A2

1

#1=3�1� #1=3�
:

(33)

The thermodynamic mass equals zero, and it corresponds
to the point z3 in Fig. 1.

We can consider AdS branes with finite temperature,
i.e., the AdS branes that are in thermal equilibrium with
thermal radiation in the bulk. We call this system ‘‘the
thermal AdS branes.’’ The classical action of the thermal
AdS branes is

I � �
2��.

�4A
2 ; (34)

where the period �. of the Euclidean time is related to the
temperature of thermal radiation as follows:
0
M

0

S

z1

z3

z=0

-2π/Aκ

FIG. 1. Schematic figure of the relation between the entropy S
and the thermodynamic mass M for the BTZ black string
(dotted line) and the black hole (solid line) [9]. The global
feature of the relation does not depend on # > 0.
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0brane �
�.
A
: (35)

Here 0brane is the inverse temperature of the thermal
radiation. Then the thermodynamic quantities of the ther-
mal AdS branes are

Fbrane � �
1

8G3
; Mbrane � �

1

8G3
; Sbrane � 0:

(36)

These are constant for any temperature. We should note
that the negative mass Mbrane equals that of AdS3 which
corresponds to the Neveu-Schwarz (NS) ground state of
the dual conformal field theories (CFT) and can be in-
terpreted as the Casimir energy of the CFT [22,24].
Because the thermodynamic mass of the thermal AdS
branes is determined without subtracting any back-
ground, it may have some definite meanings as in the
case of AdS3. This fact implies that there is some natural
interpretation of the negative ground mass in terms of
cutoff CFT corresponding to the four-dimensional brane
system.

As discussed in Ref. [9], the negative mass sector (k �
�1) of these localized black holes interpolates between
the AdS brane and the massless black hole (k � 0). In the
pure 2� 1 gravity with negative cosmological constant,
these solutions have naked conical singularities [25]. But,
in the four-dimensional braneworld, the conical solution
changes into a black hole with regular horizon. It might
be an outcome of the backreaction of quantum effects of
the corresponding CFT as was discussed in Ref. [26,27].

B. BTZ black string �m � 0; k � �1; � > 0�

The BTZ black string is the solution with m � 0. The
classical action for the solution can be obtained from (24)
by taking y0 �

����
#

p
and x2 ! 1. The result is

I � �
2��!BTZ

�4A
2

����
#

p ;

where we have used �. � 2�=
����
#

p
. Because there is no

axis in this case, any period �!BTZ is possible. The
period is the parameter specifying the BTZ black string
and related to the three-dimensional mass as,

M3 �
1

8G3

�
�!
2�

�
2
: (37)

Thermodynamic quantities derived from the action are

0BTZ �
4�2

A�!BTZ

����
#

p ; FBTZ � �
�!2

BTZ

2�A�4
;

MBTZ �
�!2

BTZ

2��4A
; SBTZ �

4��!BTZ

A2�4

����
#

p �
A

4G4
;

(38)

where A is the total area of the horizon, recovering again
-6
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the Bekenstein-Hawking law. The thermodynamic mass
and entropy are identical to those obtained in Ref. [9].

C. EHM I �� � 0; k � �1�

In the case of the single brane model, there is a Cauchy
horizon in the bulk. To evaluate the Euclidean action, we
only consider a domain within the Cauchy horizon. The
calculation of the Euclidean action is the same as before.
The contribution from the Gibbons-Hawking term on the
Cauchy horizon vanishes,

IGHjy�0 � 0: (39)

Then resulting action can be formally obtained from
Eq. (27) by taking #! 0 �k � �1�

I � �
16�2

�4A
2

z� 2

z�2z� 3�
: (40)

The associated thermodynamic quantities are

0 �
2�
Az

�
2�

3

z

�
; F � �

8�
A�4

z�z� 2�

�2z� 3�2
;

M � �
8��1� z�z

A�4�2z� 3�2
; S �

16�2

A2�4

1

z�2z� 3�
�

A

4G4
:

(41)

As in the case of the EHM II, we can check that there
exists the first law of thermodynamics for the EHM I
black hole as well as the Bekenstein-Hawking law.

We notice that the thermodynamic mass (41) differs
from the one obtained in Ref. [8]. The derived thermody-
namic mass is negative. Moreover, not only mass but also
thermodynamic properties are different from the original
ones. The reason for these differences is that we have
adopted the different normalization of timelike Killing
vector.2 We have normalized the coordinate as in (14) so
that the angular coordinate !̂ has the period 2�. If we
use original (Euclidean) time coordinate . to define the
temperature as in Ref. [8], we cannot reproduce the
Bekenstein-Hawking law, which means that the normal-
ized coordinates are preferable to define the Hawking
temperature. Moreover we can easily show that there is
no other choice of temperature that produces the
Bekenstein-Hawking law, except for a degree of
rescaling.
2In Ref. [8], the ‘‘three-dimensional’’ mass is defined by the
formula in pure 2� 1 gravity, in which a mass is determined by
a deficit angle. It was shown that the three-dimensional mass is
identical to the ‘‘four-dimensional’’ mass derived by assuming
the first law. However, the definition of the Hawking tempera-
ture in Ref. [8] is inconsistent with Ref. [9] because of the
different normalization of the timelike Killing vector. (Our
normalization is consistent with that in Ref. [9].) Hence the
physical meaning of the four-dimensional mass is ambiguous
and the reason for the agreement is not clear. Nevertheless, the
agreement is surprising.

084029
The EHM I solution can be thought of as a remnant of
the negative mass sector of EHM II in the #! 0 �z3 ! 0�
limit. As in the case of EHM II, the minimum mass
solution is the flat brane without black holes. The thermo-
dynamic mass of the system is

Mmin � �
2�
�4A

� �
1

8G3
: (42)

Although there is no cosmological constant on the brane,
the mass of this system coincides with that of AdS3 which
does not depend on the AdS radius or cosmological con-
stant but does just on the three-dimensional Newton
constant G3. The agreement is surprising because the
single brane system is locally AdS4.

We can also consider a flat brane with finite tempera-
ture as in the case of EHM II. The classical action of the
thermal flat brane is identical to that of the AdS brane
(34). Then the thermodynamic quantities of the thermal
system of the flat brane are also equal to those of the
thermal AdS branes (35) and (36). Thus, the negative mass
of the EHM I black hole is bounded below by that of the
flat brane.

V. THERMODYNAMIC STABILITIES OF BLACK
OBJECTS

A. Comparison between the localized black hole and
the BTZ black string in a canonical ensemble

For an isolated system of a black object, the stability of
a thermodynamic system is studied by analyzing the
behavior of the entropy (Fig. 1). In this section, we inves-
tigate thermodynamic stability of black objects in a ca-
nonical ensemble, i.e., in thermal equilibrium with
thermal radiation in the bulk. For that purpose, we com-
pare the free energy of the localized black hole with that
of the BTZ black string. The specific heat of the BTZ
black string is positive, which is given by

CBTZ � T
@S
@T

�
16�3T

A3�4#
: (43)

Thus, the BTZ black string can be in stable equilibrium.
On the other hand, however, the specific heat of the
localized black holes is not always positive. It is given by

CBH

�
8�2z
z2�3� 4z� � #�
z3 � 2#� 3z#�

A2�4�#� z3�
z2�3� z� � #�1� 3z��
#� z2�3� 2z��
:

(44)

The schematic figure of the specific heat is shown in
Fig. 2 for 0< #< 1. Since both the temperature and
specific heat are not monotonic functions of z, the figure
shows a complicated structure. The specific heat is posi-
tive in two regions, 0< z< z1 and z2 < z< z3. Here z1 is
the positive root of the equation
-7



0
T

0

F

z2

z3

z=0

z1

FIG. 3. Schematic figure of the relation between the tempera-
ture T and the free energy F. The BTZ black string and the
black hole for 1=27< #< 1 are shown by dashed and solid
lines, respectively. The free energy of the thermal AdS branes is
represented by the dot-dashed line. In the case of # > 1, the
points z2 and z3 exchange their positions without changing
other features (see Fig. 4 for # > 27). For 0< #< 1=27, the
free energy of the black holes becomes less than that of the
BTZ black string only around T�z3�, because the left edge (z3)
of the triangle crosses the line of FBTZ. In the limit z! 1, the
free energy of the EHM II black hole asymptotes to that of the
thermal AdS branes.

0 T

C 0 z1

z2z3

z3 z2

z=0

FIG. 2. Schematic figure of the relation between temperature
T and specific heat C. The BTZ black strings and the black
holes for 0< #< 1 are shown by dashed line and solid line,
respectively. In the case of # > 1, the z2 exchanges the position
with that of z3 without changing other features. One can see
that the specific heat is positive in the two regions, 0< z < z1
and z2 < z < z3.
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# � z2�3� 4z�: (45)

z2 is the positive root of the equation

z2�3� z� � #�1� 3z� � 0;

and z3 is defined by the point where the thermodynamic
mass becomes zero,

z3 � #1=3: (46)

The thermodynamic mass in (31) has the maximum value
at z1, and the specific heat vanishes. At z2 and z3, the
specific heat (44) diverges.When # � 1, however, the two
roots z3 and z2 are identical, and one of the regions ofC>
0 vanishes. For # > 1, the vanished region appears again,
exchanging the positions of z3 and z2 without changing
other global features. Thus the regions of positive specific
heat for # > 1 are 0< z< z1 and z3 < z< z2.

When the specific heat of black holes is positive, the
system can be in thermodynamically stable equilibrium.
Then we can argue thermodynamic stability based on the
free energy of the system. In Fig. 3, we show a schematic
figure representing the free energy of the black hole, BTZ
black string and thermal AdS branes. The free energy of
the localized black hole has a triangle region, showing
that the free energy is not a monotonically decreasing
function of the temperature. Although the triangle region
is tiny in an actual plot, we have illustrated the figure
stretching the part, just to show a typical behavior of the
free energy. As the figure indicates, the free energy of the
BTZ black string is less than that of the black hole for
almost all temperature. An exception happens when # <
1=27 and z � z3. To discuss this case, we write down the
difference of the free energies at the same temperature,
084029
FBH � FBTZ �
2�
A�4

z2

#�3z2 � 2z3 � #�2

�4#�#� 2z#

�2z3 � z4� � �2#� 3#z� z3�2�: (47)
When # < 1=27, the difference FBH � FBTZ /

��1� 2#1=3 � 2#2=3�#2 becomes negative around a tem-
perature T � T�z3�, where T�z3� stands for the tempera-
ture at the point z � z3. Hence, the free energy of the
black hole becomes less than that of the BTZ black string.
Although the difference is very small, the black hole is
more probable than the BTZ black string for T � T�z3�,
and at this temperature the BTZ black string will decay
into a black hole. This exceptional case appears when the
left edge (z3) of the triangle crosses the line of FBTZ in
Fig. 3 . A physical reason for this phenomenon is that in
the limit #! 0 the BTZ black string cannot exist, but the
black hole is represented by the EHM I solution.

B. Comparison between the black objects and the
thermal AdS branes in the canonical ensemble

In the previous section, we have compared thermody-
namic stabilities of the black objects. We now discuss the
stabilities of the black objects with respect to the thermal
branes. Let us first consider the BTZ black string and
thermal AdS branes. The difference of free energies at the
same temperature is
-8
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FBTZ � Fbrane � �
2�
�4A

�
4�2

A2#
T2 � 1

�
: (48)

Hence, at the temperature T � Tc: � A
����
#

p
=2�, the dif-

ference is zero. The angular periodicity at this critical
temperature is �!BTZ � 2�. For T < Tc, the free energy
of the thermal AdS branes is less than that of the BTZ
black string, and therefore, the BTZ string is less prob-
able. On the other hand, for T > Tc, the BTZ string is
more probable than the thermal AdS branes. This transi-
tion is the braneworld analogue of the three-dimensional
Hawking-Page transition [28,29].

Next, we compare the EHM II solution and the thermal
AdS branes. The difference of the free energies is

FBH � Fbrane � �
2�
A�4

�
4z2�#� 2#z� 2z3 � z4�

�#� 3z2 � 2z3�2
� 1

�
:

(49)

If # < 27, the difference is always positive, meaning that
the thermal AdS branes are a more stable configuration
than the EHM II black hole for any temperature.
However, if # > 27, an exception occurs; a local mini-
mum of the free energy at z3 becomes the global mini-
mum (Fig. 4). Then the difference of free energy becomes
negative around the point z3, because Fbrane is a constant
that equals the asymptotic value of FBH in the limit z!
1. Therefore, for temperature T � T�z3�, thermal AdS
branes will decay into a localized black hole due to
thermodynamic instability.

The last case is the EHM I black hole and the thermal
flat brane. The specific heat of the EHM I solution is
always negative:

C � �
8�2

A2�4

3� 4z
z�z� 3��3� 2z�

< 0 for 0 � z <1:

(50)
0
T

0

F

z2

z3

z=0

z1

FIG. 4. Schematic figure of the relation between the tempera-
ture T and the free energy F for # > 27. Only for around T �
T�z3�, a part of the free energy of the EHM II is less than that of
the thermal AdS branes.
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Thus there is no stable equilibrium as in the case of the
Schwarzschild black hole. Furthermore, the difference of
free energy, FBH � Fbrane, is positive for any temperature.
The EHM I black hole is thermodynamically unstable in
a canonical ensemble.

C. Nariai instanton ��1 < � < 0; k � �1�

Since the cosmological constant on the brane is given
by Eq. (8), the negative # means de Sitter brane. A de
Sitter brane can be placed at x � 0. However, as we can
see from Eq. (9), we cannot place a second brane at y � 0
as before. Thus we consider single de Sitter brane in this
section.

From the metric on the brane, we notice that there is no
black hole for k � 0;�1, as long as we assume m> 0
[and A> 0 due to (11)]. Thus we only consider the case of
k � �1. F�y� has two negative roots for �mA�2 < 1=27j#j.
The smaller root y0 corresponds to a black hole horizon,
and the larger one y1 to a cosmological horizon. When
�mA�2 � 1=27j#j, F�y� has a double root, and this is an
interesting extremal case where the cosmological horizon
and the black hole horizon have the same size. Thermal
equilibrium between a black hole and a heat bath is
possible only in this limit. The limit is known as the
Nariai solution, which has

���������
3j#j

p
� jy0j.

To take the limit of Nariai instanton, an expansion
parameter � defined by 27�mA�2j#j � 1� 3�2 is conven-
tionally introduced. New coordinates �3;  � are 3 �

t�
���������
3j#j

p
and �

���������
3j#j

p
� 1� � cos � �2=6, where 0 �

 < � and 0 � 3 < 2�. Then in the limit �! 0, one
finds that the metric is

ds2 �
1

A2�x�
���������
3j#j

p
�2

�
sin2 d32 � d 2 �Gd!2

�
1

G
dx2

�
(51)

and hence on the brane (13), it is the Euclidean Nariai
solution, which is the product of two spheres S�1� � S�2�.

The Euclidean action is

I �
�.�!

�4A
2

�
�
#

y20
�
#

y21
�

#� 1

�x2 � y0�
2 �

#� 1

�x2 � y1�
2

�
:

(52)

By substituting the appropriate radii y0 and y1, the total
action in the Nariai limit is

IN � �
�!

�4A2

�
8�
3

1���������
3j#j

p ��
1�

3
���������
3j#j

p
�1� j#j�

�x2 �
���������
3j#j

p
�3

�
: (53)

We now compare the Euclidean action with the action for
de Sitter brane without black hole. It is
-9
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IdS � �
2�

�4A
2

�
2�������
j#j

p ��
1�

1� j#j

�1�
������
j#j

p
�2

�
; (54)

where we have used y1 � �
������
j#j

p
, x2 � 1, �. � 2�=

������
j#j

p
.

The difference between the two actions, �I �
IN � IdS, gives an evaluation of the creation rate of lo-
calized black holes during inflation [15]. The rate is
obtained by exponentiating the difference, % �
exp���I� [30]. The difference is positive definite and it
is given in a limit by

�I �
8�2������
j#j

p ; �j#j � 1�: (55)

Thus, the creation rate becomes large when the Hubble
radius (/1=

����
#

p
) is small. This result is consistent with the

argument given by Garriga and Sasaki [15]. In their
study, the Nariai instanton was evaluated based on the
five-dimensional black string (black cigar), which is es-
sentially different from that which we are interested in.
Although the five-dimensional black string has a curva-
ture singularity near the tip of the cigar, the singularity
does not affect the evaluation of the action because the
action consists of only the Ricci scalar. Note also that in
the five-dimensional case, we can compare the instanton
of the black string with the four-dimensional Nariai
instanton, and we have the observation that the actions
for the two instantons coincide well as long as the sizes of
the instantons are sufficiently large. We cannot give such
interesting observation to the present problem because a
Schwarzschild–de Sitter solution does not exist in three
dimensions.
VI. SUMMARY AND DISCUSSION

We have reinvestigated the thermodynamics of black
objects (holes and strings) in the four-dimensional brane-
world which was originally constructed and studied by
Emparan et al. In this paper, we have started from a
different viewpoint to study the thermodynamics of the
black objects. The original investigation of the thermo-
dynamics of the black objects was based on the assump-
tion that there exist the first law of thermodynamics and
the Bekenstein-Hawking law for the localized black hole
on the brane. We have shown that the assumption is the
case by defining the thermodynamic quantities in
the Euclidean formulation, resulting in the recovery of
the Bekenstein-Hawking law. The results for EHM II are
compatible with those in Ref. [9], but those for EHM I are
not the same as in Ref. [8].

Thermodynamic stabilities of black objects have been
discussed in a canonical ensemble. We have found that the
BTZ black strings are generally more stable than the
localized black holes in the thermal equilibrium state
with thermal radiation in the bulk. But an exceptional
case appears when the effective cosmological constant on
084029
the brane is small enough (# < 1=27). In this case, the
localized black hole will become more stable than the
BTZ black string around the temperature T�z3�.

We also found the braneworld analogue of Hawking-
Page transition: the transition between the BTZ black
strings and the thermal AdS two branes. The critical
temperature is related to the AdS radius ‘3 on the brane
as Tc � �2�‘3�

�1. This relation is the same as the case of
usual three-dimensional Hawking-Page transition. Below
the critical temperature Tc, the thermal AdS branes are
more probable, while above Tc the BTZ black string
becomes more probable than the thermal AdS branes. In
the comparison of the EHM II black hole and thermal
AdS branes, the thermal AdS branes are generally more
stable. Only when the effective cosmological constant on
the AdS brane is sufficiently large (# > 27), will the
thermal AdS branes decay into a localized black hole
(EHM II) for the temperature T � T�z3�. (Now z3 is
located in the place of z2 in Fig. 3.) Then the localized
black hole will decay into the BTZ black string as in the
above argument.

In pure 2� 1 gravity, there is a three-dimensional
transition between the BTZ black hole and the thermal
AdS3 background. In this case, conical singularities in-
terpolate AdS3 spacetime and the massless BTZ ground
state. The thermodynamic properties of such conical sin-
gularities have not been known, and we do not know how
to treat such conical solutions, even though they might be
important to understand the three-dimensional Hawking-
Page transition in the vicinity of the critical temperature
[29]. In the four-dimensional braneworld, however, there
are localized black holes which are counterparts to the
conical singularities. The localized black holes (z > z3)
have negative specific heat and will contribute to thermo-
dynamic instability as in the four-dimensional Hawking-
Page transition [28]. The black holes interpolate the
thermal AdS branes and positive mass localized black
holes. Hence, in this case, we can concretely see the
thermodynamic behavior of the solutions interpolating
the two phases.

The thermodynamic quantities for the localized black
hole on the flat brane (EHM I) are different from the
previously obtained ones [8]. The thermodynamic mass
that we have derived is negative contrary to the previous
result. Since the EHM I solution can be derived in the
continuous limit #! 0 �z3 ! 0�, only the negative mass
sector of the EHM II solution survives in this limit (see
Fig. 1). Thus the origin of the negative mass is attributed
to the negative mass sector of the black holes localized on
the AdS brane. In the minimum mass limit, the system is
the four-dimensional Randall-Sundrum single brane
model which is the most stable for any temperature
from the thermodynamic point of view, and thus the
system should be thought of as the ground state of the
system.
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In the usual calculation of classical actions, one has to
subtract some suitable reference spacetime and obtain a
thermodynamic mass relative to that of the reference
spacetime. For example, in the calculation of the action
of the Schwarzschild spacetime, one usually subtracts the
Minkowski background and gets finite action [20]. For
spacetimes with negative cosmological constant, one can
evaluate the action without subtracting some reference
spacetime: the counterterm method is useful to do it
[22,23]. It is based on the AdS/CFT correspondence and
gives finite mass even for the AdS spacetime which is
often referred to as a background. Furthermore, its mass
can be interpreted as the Casimir energy of the dual CFT
[22]. An example is well-known in AdS3: The mass of
AdS3 is �1=�8G3� and this is the Casimir energy of the
NS ground state of the corresponding CFT. It is consistent
with the fact that the AdS3 vacuum is the NS ground state
of the AdS3 supergravity. As for the black objects in the
four-dimensional braneworld, we have no necessity of
requiring regularization to get rid of infrared divergences
in the classical action. As is usual, some divergences
appear from each action, but the total (bare) action is
still finite. We think that this remarkable feature would be
intrinsic to the four-dimensional braneworld. At least, we
need regularization to recover meaningful thermody-
namic quantities of black strings in higher-dimensional
braneworlds (Appendix).

The fact that there is no need of regularization in the
action, even any counterterms, implies that the value of
the action and thermodynamic quantities themselves have
some definite meanings. Especially, the mass of the AdS
or flat brane is the same as that of the pure AdS3 space-
time. It might be interpreted as the Casimir energy of the
dual cutoff CFT. However, we do not know any concrete
description of the dual CFT for the braneworld and need
further investigation to make clear this issue. No neces-
sity of regularization may give some insight into the
corresponding CFT.

In Ref. [9], the localized black holes with angular
momentum were discussed based on the AdS D-metric.
084029
The thermodynamics of such a system will have much
more complex features, and the phase diagram will be-
come more interesting as in the case of four-dimensional
Kerr-AdS black holes [31]. We would like to defer pursu-
ing the study to a future publication. As we have dis-
cussed, we found the braneworld analogue of Hawking-
Page transition. A similar, but distinct ‘‘transition’’ ap-
pears for the localized black holes bound on the flat brane
[11]; the thermodynamic behavior changes at T �
�2�‘��1. An understanding of this phenomenon is also
an interesting subject in a future study.
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APPENDIX: D-DIMENSIONAL BLACK STRING

We are interested in the application of the Euclidean
formulation to black objects in the braneworld. In this
Appendix we discuss a higher-dimensional black string
solution as an example. The black string solution is too
simple to obtain an insight into a more general solution,
e.g., localized black holes. However it is still meaningful
to discuss the case for comparison with the four-
dimensional black objects.

The metric of the D-dimensional black string in the
system of two branes is

ds2 �
1

H2 
f�r�d.
2 � f�r��1dr2 � r2d(2

D�3 � dz2�;

(A1)

where D � 5 and f�r� � 1� �rh=r�D�4. The function
H�z� depends on the model of branes. For Minkowski
branes, it is given byH � z=‘ (see, e.g., Ref. [32] for other
slicings). The tensions of the two branes at z � z	 are
�	 � 	2�D� 2�H0�z	�=�D. The actions (1) are
IEH �
�D� 1�0(D�3

�D‘2�D� 2�

rD�2

1 � rD�2
h �

Z z�

z�
dz

2

HD ;

Ibrane � IGHjbrane � �
0(D�3

�D� 2�2

rD�2

1 � rD�2
h �

X
k�	1

�k
HD�1�zk�

;

IGHjr�r1 � �
0(D�3

�
rD�3
1

�
�D� 3�f

r1
�
f0

2

�Z z�

z�
dz

2

HD�2 ;

(A2)
where the temperature of the black string is given by 0 �
4�=f0. For simplicity, we consider Minkowski branes
hereafter. In this case we can show

IEH � Ibrane � IGHjbrane � 0; (A3)
and thus only IGHjr�r1 gives a nonvanishing contribution
to the total action. This is similar to the argument for the
Schwarzschild black holes in asymptotically flat space-
time.We follow to the standard prescription of subtracting
a background spacetime. Temperature of the background
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spacetime is chosen to be identical to that of the black
string, and it is given by 0bk � 0

���
f

p
. Then the finite total

action is

I � IGH � IbkGH �
2�(D�3r

D�3
h

��D� 4�
Z; �r � r1� (A4)

where Z � 2‘D�2�z3�D� � z3�D� �=�D� 3�, and the second
term in the first line is the action of the background RS
084029
spacetime with the temperature 0bk. From Eq. (29), we
find the energy and the entropy associated with this black
string,

M � rD�4
h

�D� 3�(D�3

2�
Z;

S � 2�rD�3
h

(D�3

�
Z �

A

4G
: (A5)
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